We present an analytical study of surface plasmon polariton (SPP) propagation about a circular bend formed by the interface between a metal and a dielectric with the metal occupying the inner volume. It is shown that in the short wavelength limit, the problem is essentially analogous to scattering from a 1D finite potential well, with standard expressions for the transmittance and reflectance. In certain cases, we find that propagation on nonplanar interfaces may result in lower losses than on flat surfaces, contrary to expectation. We also show that the same approach is valid when the metal occupies the outer volume, such that in the 1D approximation SPPs propagating around such bends do not radiate. An upper bound for the transmittance, valid even when our approximation breaks down, is also derived. This is found to depend nonmonotonically on the bend radius, allowing increased transmission with decreasing radius. We further present a numerical study using the finitedifference time-domain method and show that it is consistent with theoretical predictions. We also show that the introduction of a microcavity plasmon resonator could significantly enhance the transmission.
INTRODUCTION
Surface plasmon polaritons (SPPs), coupled modes of plasmons and photons, are low-dimensional excitations propagating at metal-dielectric interfaces while confined to lateral dimensions much smaller than the wavelength of light. They are excited when electromagnetic (EM) radiation couples into surface guided modes at metaldielectric interfaces. When propagating along flat interfaces, these are essentially two-dimensional (2D) waves, with an EM field intensity which peaks at the interface and decays exponentially into the two adjoining media.
The demonstration of SPP confinement to sub-diffraction-limit volumes has initiated the investigation of control and manipulation of light at these length scales. Recent studies of basic plasmonic elements include SPP waveguiding and bending in nanopatterned metallic films 1, 2 and waveguiding through ordered arrays of nearfield-coupled metal nanoparticles, 3 as well as demonstrations of SPP mirrors, beamsplitters, and interferometers. 4 As the need for integration of compact lightwave devices is growing, it is necessary that we develop an understanding of the fundamental properties of SPP propagation and manipulation in these environments. While significant progress has been made in understanding SPP propagation in nano-structures, certain issues pertaining to their guiding on smooth metallic films remain unknown. In particular, quantifying guiding and energy losses in SPPs propagating around bends in metal-dielectric interfaces is of great importance, as it should set a limit on feature size in certain plasmonic-circuit devices. We analyze here the efficiency of SPP propagation at a curved metal-dielectric interface and the performance of a microcavity plasmon resonator as a transmission channel at a bend.
PROPAGATION AROUND CURVED INTERFACES
The geometry we study in this section is that of propagation about a rounded edge, as shown in Fig. 1 . SPPs are incident along the interface from region I, and propagate counterclockwise through the bend in region II, in the direction of region III. We first present an analytical approach to calculate the energy-reflection and transmission coefficients, as well as bend-induced radiation losses. For lossy metals absorption losses are also evaluated. This is supplemented by a numerical study using the finite-difference time-domain method (FDTD). Cross-sectional (a) and top view (b) of the SPP intensity; (b) also shows a drawing of the geometry. A metallic corner characterized by a dielectric constant i and Re[ i ] < 0 has a bend angle θ and a finite bend radius R. The bend is confined to the region of space shown, with center of curvature at the origin. The rest of space is occupied by a dielectric with o . Axes x 1 and x 2 extend along the boundaries between regions I and II and regions II and III, respectively. In the x 1 − x 2 plane, regions I and III are semi-infinite. The system is also infinite in extent along the entire z axis. In (a) we illustrate the single-mode approximation developed in the text: the field profile in region I (solid line) and II (dashed line), calculated for ωR/c = 800, are well matched. In (b), the intensity is overlayed in grayscale, showing the overlap with the metal (dielectric constant i) and the outer dielectric o. Arrows indicate incident and reflected fields in region I, and transmitted field in region III.
Analytical Approach
Our approach exploits known expressions for the SPP fields in each region and matches them at the two ends of the bend. The procedure differs from related numerical techniques 5 in that we consider the SPP itself as the incident wave, with the goal of manipulating it as a well-defined quasiparticle in a nontrivial geometry. Favorable conditions for this will be seen to emerge in the short-wavelength limit, and we use this to arrive at analytic expressions.
The solutions for SPP propagation on an infinite flat surface and on cylindrical surfaces are known analytically. 6 On a flat interface, SPPs at frequency ω are two-dimensional waves, decaying exponentially into the two adjoining media, with decay constants
1 the interference of SPPs in regions I and III is negligible, allowing us to use the infinite flat surface 2D solution in these regions. For instance, the magnetic field of the incident SPPs in Region I is given by
where A is the amplitude and
We construct the solution in region II using the known solutions for SPPs propagating around the perimeter of an infinitely long cylindrical metal rod of radius R. 6 Here, the magnetic field in the dielectric is given by
where k i = ω √ i /c and J n is the Bessel function. The set {n} is determined by the metal boundary matching equation,
where Solving exactly for the transmission and reflection coefficients requires matching an infinite number of solutions at the boundaries along the x 1 and x 2 axes separately. However, it is possible to render this problem tractable by a few simple approximations. Each solution in region II has a field profile perpendicular to the surface that does not match the field profile of the incident SPP exactly. However, the set {n} contains an element m which minimizes this mismatch, and we call the clockwise and counterclockwise modes corresponding to m the fundamental modes. In the short wavelength limit, the field distribution of the fundamental mode in the radial direction can be extracted from taking the appropriate limit of the Bessel equation
m (k o r) are solutions, respectively. As ωR/c → ∞, m approaches kR. With r = R + x, in the limit x R this reduces to
the solutions are exponentials. Thus, noting that γ The modes n = m have decay rates not as close to Re[γ i,o ] as that of the fundamental mode. For this reason, it is possible to assume that in the short wavelength limit the incident SPPs couple predominantly to the fundamental modes and ignore other coupling. In order to satisfy the standard Maxwell boundary conditions it is therefore necessary to match only a small number of solutions at a single point on each axis, at a distance R from the origin. The boundary conditions are thus also satisfied approximately other the entire extend of the axes. As can be seen from Fig. 1(a) , the mode mismatch at the boundaries may be very slight. The problem has now essentially become one dimensional (1D), analogous to scattering from a 1D finite potential well.
7 Since the allowed m values are always complex, bound-state solutions in the well do not exist. This distinguishes the SPP on a bent surface from waveguide bends enclosed on all sides by infinite potential walls. Applying the appropriate boundary conditions to the fields at the two boundaries results in the familiar expression for the transmittance and the reflectance
When the losses in the metals are accounted for, Im[m] increases with R, such that when Im[m]θ 1 the transmittance becomes
As ωR/c → ∞, these expressions become exact.
For lossless metals, the bend-induced radiation losses are simply given by A = 1 − T − R. Accounting for absorption in the metal we find that A now includes both radiation and absorption losses. We extract the radiation losses by integrating the Poynting vector S for unit incident flux in region II at r → ∞:
Since the radiation carries angular momentum with respect to the origin, the energy radiated into the far field from the surface at φ = 0 propagates at an angle φ 0 with respect to the x 1 axis, setting the lower integration limit in Eq. (7). In the short-wavelength limit only the amplitude of the forward-propagating mode is significant, therefore the radiation losses are well approximated by integrating only the counterclockwise propagating mode.
To obtain φ 0 we use a stationary phase approximation. 
We have carried out calculations for typical values of silver ( i = −15+i0.5) in air ( o = 1) when ωR/c = 800 and θ = 90
• . Ignoring the losses in the metal we find T = 0.997, R = 1.19 × 10 −8 , and P ≈ 0.003. When the losses are included the results change drastically to T = 0.0516, R = 1.18 × 10 −6 , and P ≈ 0.00282, indicating that most of the energy is lost to absorption in the metal. Comparing the latter overall absorption and radiation losses to the energy absorbed when SPPs propagate the equivalent arc distance on a flat surface, we find that propagation on a nonplanar interface may result in lower losses. This counterintuitive result comes from the fact that the field inside the metal in region II travels an arclength less than θR due to the curvature. As a result, SPP fields propagating on the curved interface sample less of the metal volume than that available when propagating on a flat interface, hence the reduced absorption.
We evaluate the accuracy of our result by examining the coupling efficiency ∆ of a single mode on a flat interface to
where η = O(1). We find that the condition ∆ 1 constitutes a stricter criterion for the validity of our approximation. When the latter holds, the incident SPP couples predominantly to the fundamental modes, making the above described approach self-consistent. For example, when η = 3, i = −15, and o = 1, ∆ 2 = 0.002 for ωR/c = 800, rendering our result applicable. On the other hand, for ωR/c = 100 we obtain ∆ 2 = 0.3, signifying that the expression is not reliable because the coupling to mode n other than the fundamental can no longer be neglected. In this regime, a more physical quantity is the upper bound for the transmittance, given by
Here we neglect reflections at the boundaries between the different regions, thus excluding interference with the counterpropagating mode in region II. To understand why this is an upper bound, note that in the wavelength range of interest, where the metal is not very lossy, it is often the case that Im[n] > Im [m] . Since the wave depends on n as exp[±inφ], modes with large Im[n] decay rapidly. Thus, the transmission in the presence of coupling to nonfundamental modes does not exceed T u , and the latter is a true upper bound. Figure 2 is a plot of T u . A peak is clearly visible, moving to higher values of R as the wavelength increases. To the right of the peak, at large radii of curvature absorption losses in the metal dominate, and the maximum transmittance decreases with increasing radius. To the left of the peak radiation due to the high curvature is the dominant loss mechanism, leading to a rapid drop in T u . At very high curvature (R ≤ 10µm) there is a change in trend, and T u starts to increase with decreasing R. When calculating the radiation loss per arclength, we find that for this range of radii it increases slower than elsewhere, allowing T u to increase even as R attains very small values. This anomalous behavior can be observed for all wavelengths, and is independent of the dispersion of the metal.
The formalism developed here may also be used to analyze the reverse geometry, where the metal occupies the outer space, and the SPPs propagate around a dielectric void in it. We use the complementary picture where we match the solutions for a hollow cylindrical void in metal to the planar SPP modes. However, care must be taken when choosing the appropriate solutions in region II for the mode matching. For a dielectric cylinder surrounded by metal, the radial solutions in the dielectric are the Bessel functions. These Bessel functions, except for the one that is confined to the interface, have field nodes. Since the existence of nodes implies that photons are exchanged between opposing points on the cylindrical interface, these solutions are unphysical in region II. Therefore, the only solution represented by the Bessel function in region II is the one without nodes, and for typical values of i and o in the visible range, we have observed that this corresponds to the fundamental mode. Since the fundamental mode is represented by the Bessel function, Eq. (3) is unchanged and the expressions for the transmittance and the reflectance are valid for the reverse geometry. Calculations have shown that the problem is now analogous to the finite potential barrier, and the absorption in region II is now greater than the absorption of SPPs on a flat surface. From the argument above, it also follows that in the single mode approximation SPP propagation around the bend is nonradiative. For this reason, we expect the SPP transmission through the reverse geometry to be an efficient process, limited predominantly by absorption in the metal and back-reflection at the points where the curvature changes.
Although the expressions for the transmittance and the reflectance are derived in the short wavelength limit, our analytical approach is limited when the single mode approximation is not valid. For example, it is not possible to find how far the upper bound is from the actual transmittance and if the transmittance has the anomalous behavior. To calculate the transmittance in this regime, we turn to an alternative numerical approach. 
Numerical Approach
We study the propagation of SPPs about 90
• bends using FDTD. The dielectric function in our simulations is given by the Debye model the Debye model closely matches experimentally obtained values for silver 9 in the wavelength range 400-1200nm. We implement a uniform grid with mesh size ∆x = λ/300 and Mur's absorbing boundary conditions throughout our study. The wavelength in vacuum is fixed at λ = 630nm. A simulation of SPP propagation on a flat interface between the metallic medium and a dielectric medium with = 1 indicates that the simulated SPPs are well characterized by the effective dielectric constant eff = −14.3 + i0.9 which is reasonably close to = −15.7 + i1.1 calculated from the Debye model.
A series of FDTD simulations is performed to analyze the propagation about the rounded edge shown in Fig. 3(a) , formed by the interface between a dielectric and a metal with bend angle 90
• . The bend radius R is comparable to or smaller than the wavelength. The transmittance, T, is extracted for various radii of curvature. As shown in Fig. 3(b) , the transmittance increases with decreasing radius, peaking at R = 0 with T ≈ 0.07. Hence, the numerical approach confirms the transmittance anomaly predicted by the analytical approach. Interestingly, our simulations reveal that the actual transmittance is reasonably well described by the upper bound, calculated with eff , even for R ≤ λ. Moreover, for R > λ the discrepancy between the simulation and the analytical upper bound is less than 0.01. This is expected to decrease even further with decreasing curvature because the coupling to the fundamental mode increases as λ/R → 0. We therefore conclude that the calculated upper bound is a good estimate for the transmittance for all R ≥ λ. We attribute the noise in the plot to spurious reflections of the fields from the computational domain walls.
The transmittance behaves differently for the complementary reversed geometry, where the positions of the metal and dielectric in Fig. 3 are interchanged. The bend angle is kept at 90
• . Because the fundamental mode is nonradiative in this geometry, the transmittance is expected to be higher than the transmittance for the geometry when the metal occupies the inner space. Our simulations confirm this prediction. For example, we find that when R = λ the transmittance is T = 0.71, in sharp contrast to the value of T ≈ 0.06 obtained for an equivalent curvature in the geometry of Fig. 4(a) . However, when R = 0, the transmittance decreases to T ≈ 0.002 while the radiation loss remains small as shown in Fig. 4(b) . Although the negligible transmittance could not have been obtained analytically, the lack of significant radiation loss remains consistent with our mode analysis above. 
PROPAGATION THROUGH A MICRORESONATOR AT A BEND
While we find the efficient transmission of SPP energy is possible when propagating around small voids in metals, SPP propagating about metallic bends is highly radiative. In order to increase the efficiency of this structure we consider the geometry shown in Fig. 2(a) . A cylindrical hole of radius r is placed in close proximity to two flat metal interfaces joined by an abrupt 90
• edge. SPPs propagating to the right along the top interface are coupled through their near-field into the void and our of it onto the second interface (propagation is designated by red arrows.) Positioning of the resonator within the skin depth of the metal allows efficient excitation of the resonator modes by the incident SPPs, and subsequent outcoupling. The role of the dielectric void is similar to that of a dielectric microring resonator, and the evanescent wave coupling scheme is analogous to optical coupling between microring resonators and dielectric waveguides. In Fig. 5(b) we show the results of a simulation for a typical resonator coupled system. In general, we find that the efficiency of propagation increases significantly when a resonator is properly incorporated into the metal in the vicinity of the bend. For example, the transmission around an infinitely sharp bend (R = 0 in Fig. 3(b) , T = 0.07) increases by threefold to T = 0.21 when d = 8.4nm and 2r = 756nm. As with all ring resonators, mode coupling can be highly sensitive to the values of both d and r. Complications arising from the excitation and interference of multiple resonator modes are avoided by keeping the radius small (2r < 1.5λ). Thus, a maximum of two resonator modes may be excited.
An interesting distinction between the SPP microcavity resonator in metal and the more common dielectric waveguide resonator is that the metal resonator system supports purely non-radiative modes (note, it's not just the fundamental mode) for all resonator radii. 6 In contrast, in dielectric waveguides radiation losses increase sharply with decreasing size of the resonator. Thus all losses in the metallic system are due solely to material losses (absorption) in the metal and mode matching (scattering). These two characteristics may be adjusted separately through careful design of resonator size and positioning. In addition, the transmitted signal levels may be further increased by fine-tuning the shape of the resonator, and also incorporating a gain medium (SPP amplifier) inside the resonator cavity.
11, 12

CONCLUDING SUMMARY
We have studied the scattering of SPPs at a curved metal-dielectric interface in the short wavelength limit both analytically and numerically. Utilizing an analogy to a quantum mechanical 1D finite square well we obtained the energy transmission and reflection coefficients. Interestingly, propagation on a curved interface may result in lower losses than at a flat metallic surface. An expression for an upper bound on the transmittance is also obtained, showing that at high curvature radiation is the loss mechanism, while at low curvature material losses dominate. An unexpected behavior where the maximum transmittance increases with curvature was also observed, and also confirmed using FDTD simulations. Furthermore, our numerical study has shown that the upper bound is a good estimate for the actual transmittance for all bend radii R ≥ λ. In the complementary reversed geometry, when the SPPs propagate around a dielectric void, it is argued that the fundamental mode is nonradiative, and thus the SPP propagation to be less radiative. This prediction is verified numerically. Finally, we have shown that a microresonator can be an efficient channel for SPP propagations. These results shed new light on SPP guiding on smooth metallic films, and should enable us to the design fundamental circuit elements which can manipulate and route SPPs.
